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a b s t r a c t
Previously the first author has shown how to construct vertex-magic total labelings
(VMTLs) for large families of regular graphs. The construction proceeds by successively
adding arbitrary 2-factors to a regular graph of order n which possesses a strong VMTL,
to produce a regular graph of the same order but larger size. In this paper, we exploit this
construction method. We are able to show that for any r ≥ 4, every r-regular graph of
odd order n ≤ 17 has a strong VMTL. We show how to produce strong labelings for some
families of 2-regular graphs since these are used as the starting points of our construction.
While even-order regular graphs are much harder to deal with, we introduce ‘mirror’
labelings which provide a suitable starting point fromwhich the construction can proceed.
We are able to show that several large classes of r-regular graphs of even order (including
some Hamiltonian graphs) have VMTLs.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A vertex-magic total labeling (VMTL) on a graph with v vertices and e edges is a one-to-one mapping from the vertices
and edges onto the integers 1, 2, . . . , v + e so that the sum of the label on a vertex and the labels of its incident edges is
constant, independent of the choice of vertex. In 2002 it was conjectured by MacDougall [13] that every regular graph apart
from K2 and 2K3 possesses a vertex-magic total labeling. This conjecture was inspired by the early discovery of VMTLs for
many families of regular graphs including cycles, complete graphs, complete bipartite graphs Kn,n, odd unions of odd cycles,
generalized Petersen graphs, products of odd cycles, and others (see [1,5,8,9,14,19]). No counter-example to the conjecture
has yet been found.
A major conceptual step forward was McQuillan’s proof [15] that a large class of cubic graphs could be shown to possess
VMTLs without the fine structure of the graph needing to be known. Building on McQuillan’s ideas, Gray [7] developed a
wide-ranging generalization that guarantees VMTLs for vast classes of regular graphs. Gray’s construction adds significant
further support to the conjecture. In addition to many families of even order graphs, he showed that asymptotically almost
all regular graphs of odd order possess a VMTL. The idea is essentially to add a spanning two-factor to a graph which already
possesses a strong VMTL and then reassign the labels in a way that allows the operation to be repeated.
In this paper, we wish to exploit this construction. For example, we will be able to show that knowing that the eight
triangle-free 2-regular graphs of order 15 possess strong VMTLs is sufficient to establish that all of themore than 2.9×109 r-
regular graphs of order 15with r ≥ 4 possess strong VMTLs, without any further knowledge of the structure of those graphs.
Even more, we can show that all of the (much larger number of) regular graphs of order 17 also possess strong VMTLs.
Vertex-magic total labelings were introduced in [14] and a good account of them is given by Wallis in [19].
2. Regular graphs with strong VMTLs
The construction of [7] begins with a graph possessing a strong VMTL, that is, one in which the largest labels are assigned
to the vertices. (Note that some other authors have used strong to mean something different.) In order for a graph with v
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Fig. 1. An example of the construction of Gray’s Theorem.
vertices and e edges to possess a strong VMTL, it must satisfy the following equation:
e(e+ 1) = v
2
(2w + v − 1)
wherew is an integer (and in fact the smallest vertex weight). If a graph is of prime order p then it can clearly only possess
a strong VMTL if p divides either e or e+ 1. We note that if a graph is of twice-odd order then it can never possess a strong
VMTL, since if we let v = 4u+ 2 the equation becomes
e(e+ 1) = (2u+ 1)(2w + 4u+ 1).
Since the left-hand side of the equation is even while the right-hand side is odd, it is clearly impossible.
While this equation gives a necessary condition for a graph to possess a strong VMTL it is not a sufficient condition, as
we shall see later.
The following is the precise statement of the main result of [7]. Fig. 1 gives an illustration of the construction used in the
proof of the theorem, which proceeds by adding an oriented 2-factor (recall that a 2-factor is a spanning 2-regular subgraph)
to a graph with a strong VMTL, and then re-assigning the labels to produce a VMTL for the new graph. The reader is referred
to [7] for the details.
Theorem 2.1 ([7]). If G is a graph of order n with a spanning subgraph H which possesses a strong VMTL and G − E(H) is
even-regular, then G also possesses a strong VMTL.
An important special case of the Theorem occurs when the spanning subgraph H is an odd cycle. Odd cycles possess
strong VMTLs, so we get the following important result:
Corollary 2.1 ([7]). Every Hamiltonian regular graph of odd order possesses a strong VMTL.
Petersen proved in 1891 that every even-regular graph has a 2-factor. Consequently, because of Theorem 2.1, one way of
establishing that every odd-order regular graph has a VMTL would be to show that every odd-order regular graph of order
greater than 7 possesses a 2-factor with a strong VMTL.We do not knowwhether this is true.We study in detail the question
of 2-regular graphs with strong VMTLs in the next section. Wallis proved [19] that the disjoint union of an odd number of
isomorphic odd cycles has a strong VMTL, consequently we have the following partial result:
Corollary 2.2. Every regular graph of odd order with a spanning subgraph consisting of isomorphic cycles has a strong VMTL.
A VMTL is super if all the smallest labels are assigned to the vertices. By duality, any regular graph will possess a super
VMTL if and only if it possesses a strong VMTL. Consequently work on construction of super VMTLs, such as is found in [6,
16,12] will be relevant in providing us with graphs with strong VMTLs.
3. Strong VMTLs of 2-regular graphs
Although it was established at a very early stage that cycles and odd unions of isomorphic odd cycles possessed vertex-
magic total labelings, little more is known about whether 2-regular graphs in general possess VMTLs, or more specifically
strong VMTLs.
In the case of 2-regular graphs, the equation from the previous section becomes v(v+1) = v2 (2w+v−1) or equivalently
2w = v+ 3, which can clearly only be satisfied for 2-regular graphs of odd order. However this is not a sufficient condition
since an exhaustive computer search has found that C3 ∪ C4, 2C3 ∪ C5 and 3C3 ∪ C4 do not possess strong VMTLs. So it is
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Table 1
Strong VMTLs of 2-factors of odd order 7 to 13.
Order Type Edge labels of 2-regular graph
7 C7 (1, 4, 7, 3, 6, 2, 5)
C3 ∪ C4 None
C9 (1, 5, 9, 4, 8, 3, 7, 2, 6)
9 C3 ∪ C6 (2, 4, 5) (1, 7, 6, 8, 3, 9)
C4 ∪ C5 (1, 5, 2, 7) (3, 8, 6, 4, 9)
3C3 (1, 6, 8) (2, 4, 9) (3, 5, 7)
C11 (1, 6, 11, 5, 10, 4, 9, 3, 8, 2, 7)
C3 ∪ C8 (3, 4, 5) (1, 10, 7, 9, 6, 8, 2, 11)
11 C4 ∪ C7 (4, 10, 6, 11) (1, 7, 2, 5, 8, 3, 9)
C5 ∪ C6 (2, 5, 11, 6, 9) (1, 7, 3, 10, 4, 8)
C3 ∪ 2C4 (1, 6, 11) (3, 5, 4, 10) (2, 8, 7, 9)
2C3 ∪ C5 None
C13 (1, 7, 13, 6, 12, 5, 11, 4, 10, 3, 9, 2, 8)
C3 ∪ C10 (3, 5, 6) (1, 9, 8, 10, 2, 11, 4, 12, 7, 13)
C4 ∪ C9 (5, 12, 7, 13) (1, 8, 4, 11, 3, 10, 6, 2, 9)
C5 ∪ C8 (1, 7, 2, 11, 9) (3, 8, 4, 10, 5, 12, 6, 13)
13 C6 ∪ C7 (1, 7, 2, 8, 4, 13) (3, 10, 9, 11, 5, 6, 12)
2C3 ∪ C7 (1, 8, 11) (3, 7, 13) (2, 6, 12, 5, 10, 4, 9)
C3 ∪ C4 ∪ C6 (2, 6, 10) (5, 12, 7, 13) (1, 8, 3, 11, 4, 9)
C3 ∪ 2C5 (4, 7, 11) (1, 8, 12, 5, 9) (2, 6, 13, 3, 10)
2C4 ∪ C5 (1, 8, 3, 9) (4, 10, 5, 12) (2, 6, 13, 11, 7)
3C3 ∪ C4 None
certainly true that not every odd-order union of cycles has a strong VMTL. On the other hand, all 2-regular graphs of orders
7, 11, 13 and 15 other than those listed above do possess strong VMTLs as shown in Tables 1 and 2.
This has suggested to us the following conjecture:
Conjecture 1. A 2-regular graph of odd order possesses a strong VMTL if and only if it is not of the form (2t − 1)C3 ∪ C4 or
(2t)C3 ∪ C5.
Table 3 shows that all 2-regular graphs of order 17 and not of this form possess strong VMTLs (however an exhaustive
search was not made for a strong VMTL of 4C3 ∪ C5). Conjecture 1 finds further support in the constructions we have found
for C3 ∪ C2t+4 and C4 ∪ C2t+3 which will be described later. In addition, we have found constructions for C2u−1 ∪ C4u and
C4u ∪ C6u−1 by a completely different method, which will be reported in a subsequent paper.
If Conjecture 1 is true then together with the following theorem, it would establish that every even-regular graph of odd
order, other than those of the form (2t − 1)C3 ∪ C4 or (2t)C3 ∪ C5, possesses a strong VMTL.
Theorem 3.1. Every 4-regular graph has a 2-factorization in which either:
(i) the 2-factor possesses one or more cycles of order ≥ 6 or
(ii) the 2-factor possesses two or more cycles of order ≥ 4.
Proof. We consider first the case of connected 4-regular graphs. In [11] it is shown that a connected 4-regular graph has
a triangle-free 2-factorization, provided it has no more than two cut-vertices belonging to a triangle. Hence if a 4-regular
graph has 2 or fewer cut-vertices then it has a triangle-free 2-factorization and thus satisfies (i) or (ii).
If it has 3 or more cut-vertices then clearly it has at least one end-block (i.e. a block which contains only one cut-vertex).
If the end-block is of order 6 then it is hamiltonianwith a spanning cycle of order 6, since there is only one graphwith degree
sequence 2.45 [18]. The graph thus satisfies (i). If the end-block excluding the cut-vertex is of order 6 or 7 then, since all of
the graphs with degree sequence 32.44 and 32.45 are hamiltonian [18], the end-block will be hamiltonian with a spanning
6-cycle or 7-cycle and thus satisfy (i).
If the end-block is of order≥ 9 then we proceed as follows: let G be the end-block without the cut-vertex, considering G
as a separate graph. Gwill have a degree sequence of 32.4n with n ≥ 6. Make a copy of G and add a new vertex, connecting
the new vertex to the vertices of degree 3 in each copy. Then by [11], the resulting graph will possess a triangle-free 2-
factorization. We can partition the components of a 2-factor into those that span G and those that span G + v (i.e. the
end-block) and thus the end-block has a triangle-free 2-factor. Further since the end-block is of order ≥ 9 then it is either
hamiltonian of order≥ 9 or possesses 2 or more components of order greater≥ 4 (i.e. it satisfies (i) or (ii)).
Since any 2-factorization of the original 4-regular graph must include a set of 2-factors which span the end-block and
we can independently find a 2-factor of the end-block which possesses the required properties, the original 4-regular graph
must also possess the required properties.
In the case of a disconnected 4-regular graph, the same argument applies to each component. The result follows. 
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Table 2
Strong VMTLs of 2-factors of order 15.
Order Type Edge labels of 2-regular graph
C15 (1, 8, 15, 7, 14, 6, 13, 5, 12, 4, 11, 3, 10, 2, 9)
C3 ∪ C12 (4, 5, 6) (1, 14, 9, 13, 8, 12, 7, 11, 3, 10, 2, 15)
C4 ∪ C11 (6, 14, 8, 15) (1, 9, 2, 7, 12, 5, 13, 3, 10, 4, 11)
C5 ∪ C10 (1, 8, 2, 13, 10) (3, 11, 5, 12, 7, 15, 6, 14, 4, 9)
C6 ∪ C9 (1, 8, 2, 9, 3, 12) (4, 10, 13, 7, 15, 6, 11, 5, 14)
C7 ∪ C8 (5, 14, 6, 15, 7, 10, 13) (1, 8, 2, 9, 3, 11, 4, 12)
2C3 ∪ C9 (1, 9, 14) (2, 10, 12) (3, 8, 11, 7, 6, 15, 5, 4, 13)
C3 ∪ C4 ∪ C8 (5, 11, 12) (6, 13, 7, 15) (1, 8, 2, 9, 3, 10, 4, 14)
15 C3 ∪ C5 ∪ C7 (1, 9, 11) (2, 7, 15, 8, 13) (3, 10, 4, 12, 6, 5, 14)
C3 ∪ 2C6 (4, 10, 13) (5, 11, 7, 15, 6, 14) (1, 8, 2, 9, 3, 12)
2C4 ∪ C7 (1, 8, 2, 11) (3, 12, 5, 15) (4, 7, 14, 9, 13, 6, 10)
C4 ∪ C5 ∪ C6 (5, 10, 11, 12) (6, 7, 15, 4, 13) (1, 8, 2, 9, 3, 13)
3C5 (1, 8, 13, 5, 12) (2, 9, 14, 6, 10) (3, 7, 11, 4, 15)
3C3 ∪ C6 (1, 11, 12) (2, 8, 9) (4, 5, 10) (3, 13, 6, 14, 7, 15)
2C3 ∪ C4 ∪ C5 (4, 10, 13) (5, 6, 14) (1, 8, 2, 11) (3, 12, 9, 7, 15)
C3 ∪ 3C4 (10, 11, 12) (1, 8, 2, 14) (3, 9, 5, 15) (4, 7, 6, 13)
5C3 (1, 9, 14) (2, 10, 12) (3, 6, 15) (4, 7, 13) (5, 8, 11)
Table 3
Strong VMTLs of triangle-free 2-factors of order 17.
Order Type Labeling of 2-factor (edges)
C17 (1, 10, 2, 11, 3, 12, 4, 13, 5, 14, 6, 15, 7, 16, 8, 17, 9)
C4 ∪ C13 (7, 16, 9, 17) (1, 10, 4, 13, 3, 12, 6, 15, 5, 14, 8, 2, 11)
C5 ∪ C12 (1, 9, 17, 7, 10) (2, 13, 12, 11, 3, 15, 4, 8, 5, 16, 6, 14)
C6 ∪ C11 (2, 11, 6, 13, 3, 12) (1, 9, 17, 8, 15, 7, 5, 16, 4, 14, 10)
C7 ∪ C10 (1, 9, 17, 8, 4, 14, 10) (6, 7, 15, 5, 16, 3, 13, 2, 12, 11)
17 C8 ∪ C9 (1, 9, 17, 8, 5, 12, 2, 10) (3, 13, 11, 4, 14, 6, 15, 7, 16)
2C4 ∪ C9 (1, 9, 3, 10) (5, 11, 14, 12) (2, 13, 7, 17, 4, 15, 8, 6, 16)
C4 ∪ C5 ∪ C8 (1, 9, 3, 10) (4, 12, 14, 11, 13) (2, 16, 5, 15, 7, 8, 6, 17)
C4 ∪ C6 ∪ C7 (5, 15, 7, 16) (2, 11, 6, 13, 3, 12) (1, 9, 17, 8, 4, 14, 10)
2C5 ∪ C7 (1, 9, 3, 11, 10) (2, 13, 5, 12, 14) (4, 15, 7, 6, 17, 8, 16)
3C4 ∪ C5 (1, 9, 16, 10) (2, 14, 4, 15) (5, 7, 6, 17) (3, 11, 13, 8, 12)
C5 ∪ 2C6 (1, 12, 10, 2, 13) (3, 14, 9, 17, 8, 16) (4, 6, 15, 5, 11, 7)
As mentioned above, a connected 4-regular graph has a triangle-free 2-factorization, provided it has no more than two
cut-vertices belonging to a triangle. In [4], it is shown that for a positive integer c , the minimum order of a quartic graph
with c cut-vertices is 12 (7c + 15) if c is odd and 12 (7c + 18) if c is even. Hence the smallest quartic graph with 3 cut-vertices
is of order 18, and thus every 4-regular graph of odd order less than 18 will possess a triangle-free 2-factorization. From
these considerations we obtain the following theorem:
Theorem 3.2. For all k ≥ 4, every k-regular graph of odd order less than 18 possesses a strong VMTL.
Proof. Tables 1 and 2 show that every triangle-free 2-regular graph has a strong VMTL, so we can immediately conclude
from Theorems 2.1 and 3.1 that every k-regular graph of odd order less than 17 possesses a strong VMTL, k ≥ 4. Table 3
shows that every triangle-free 2-regular graph of order 17 also possesses a strong VMTL, so we can similarly conclude that
every k-regular graph of order 17 (k ≥ 4) possesses a strong VMTL. The result follows. 
The exact numbers of regular graphs for orders 7 to 15 are displayed in Table 4, derived from [17]. To see the power of
the previous result, it is instructive to consider that there are more than 2.9× 109 r-regular graphs of order 15 (with r ≥ 4)
and strong VMTLs of all of them can be constructed using strong VMTLs of just 8 triangle-free 2-regular graphs. In addition,
there are 86,223,658 4-regular graphs of order 17 (and by symmetry the same number of 12-regular graphs of order 17) and
strong VMTLs of all of them can be constructed using strong VMTLs of just the 12 triangle-free 2-regular graphs in Table 3.
The number of regular graphs of order 17 with other degrees is not currently known, but is undoubtedly very much larger.
For graphs of odd order ≥ 19, we would need to find strong VMTLs of 2-regular graphs including some triangles as
components. While we do not yet have any general constructions for strong VMTLs of such 2-regular graphs, we believe
that this can be done.
In [3] (cited in [2]), it is shown that if G is any graph of order
n = n1 + n2 + · · · + nk, (ni ≥ 3)
with minimum degree δ(G) ≥ 2n3 + O(n
1
3 ) then G possesses a 2-factor
⋃nk
i=n1 Ci. If G is regular then such a graph would be
Hamiltonian and if it had odd order would possess a strong VMTL in any case. However, if the conjecture is true then we can
construct strong VMTLs for an r-regular graph of odd order n with r ≥ 2n3 + O(n
1
3 ) starting with almost any 2-factor, not
just the Hamiltonian circuit.
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Table 4
Number of r-regular graphs of orders 7 to 15.
Order r r ≥ 12
2 4 6 8 10
7 2 2 1 0 0 0
9 4 16 4 1 0 0
11 6 266 266 6 1 0
13 10 10,786 367,860 10,786 10 1
15 17 805,579 1,470,293,676 1,470,293,676 805,579 18
3.1. Strong labelings of C3 ∪ C2n and C4 ∪ C2n−1
Conjecture 1 of the previous section highlights the importance of finding strong labelings of 2-regular graphs. In this
Section, we provide constructions for two infinite families of them.
3.1.1. Construction for C3 ∪ C4t , t > 1
A strong VMTL of a graph is equivalent to a vertex-antimagic edge-labeling (VAEL). Thus to show that a 2-regular graph
of order v possesses a strong VMTL, it is only necessary to show that there is an edge-labeling of the 2-regular graph with
the integers 1, . . . , v such that the vertex weights constitute a set of consecutive integers a + 1, . . . , a + v. To obtain the
VMTL, we simply label the vertices consecutively in order opposite to their weights.
We label the edges of C3 with {t+1, t+2, t+3}. Let us number the vertices vi of C4t cyclically for i = 1..4t , and similarly
number the edges ei of C4t cyclically for i = 1..4t where ei is adjacent to vi and vi+1. We assign labels to the edges of C4t as
follows:
λ(ei) =

1
2
(i+ 3) if i odd, i ≤ 2t − 3
1
2
(i+ 9) if i odd, 2t − 1 ≤ i ≤ 4t − 3
1 if i = 4t − 1
1
2
i+ 2t + 3 if i even.
We show first that each label appears only once:
Edge number Range of labels
4t − 1 1
i odd, i ≤ 2t − 3 2, 3, . . . , t
C3 edges t + 1, t + 2, t + 3
i odd, 2t − 1 ≤ i ≤ 4t − 3 t + 4, t + 5, . . . , 2t + 3
i even 2t + 4, 2t + 5, . . . , 4t + 3
In the following table we show that each weight appears only once and that the weights form a consecutive sequence.
Edge number Adjacent-edge sums Range of weights
C3 sums 2t + 3, 2t + 4, 2t + 5 2t + 3, 2t + 4, 2t + 5
2u+ 1, u = 0, . . . , t − 2 2t + 2u+ 6 2t + 6, 2t + 8, . . . , 4t + 2
2u+ 2, u = 0, . . . , t − 3 2t + 2u+ 7 2t + 7, 2t + 9, . . . , 4t + 1
4t − 2 4t + 2+ 1 4t + 3
4t − 1 1+ 4t + 3 4t + 4
4t 4t + 3+ 2 4t + 5
2u+ 2, u = t − 2, . . . , 2t − 3 2t + 2u+ 10 4t + 6, 4t + 8, . . . , 6t + 4
2u+ 1, u = t − 1, . . . , 2t − 2 2t + 2u+ 9 4t + 7, 4t + 9, . . . , 6t + 5
Now the vertices can be labeled with the consecutive integers 4t + 4, . . . , 8t + 6 and thus the construction satisfies the
requirements of a strong VMTL.
3.1.2. Construction for C3 ∪ C4t+2, t ≥ 1
For t = 1 and t = 2 the labelings are (2, 4, 5) (1, 7, 6, 8, 3, 9) and (3, 5, 6) (1, 9, 8, 10, 2, 11, 4, 12, 7, 13), respectively. For
t ≥ 3, we have to consider several cases.
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For t ≥ 3, we label the edges of C3 with {t + 1, t + 3, t + 4} and then label C4t+2 as follows:
λ(ei) =

1 if i = 1
2t + 4 if i = 3
1
2
(i− 1) if i odd, 5 ≤ i ≤ 2t + 1
t + 2 if i = 2t + 3
1
2
(i+ 5) if i odd, 2t + 5 ≤ i ≤ 4t + 1
1
2
i+ 2t + 4 if i even.
As above, we first show that each label appears only once:
Edge number Range of labels
1 1
i odd, 5 ≤ i ≤ 2t + 1 2, 3, . . . , t
2t + 3 t + 2
C3 edges t + 1, t + 3, t + 4
i odd, 2t + 5 ≤ i ≤ 4t + 1 t + 5, t + 6, . . . , 2t + 3
3 2t + 4
i even 2t + 5, 2t + 6, . . . , 4t + 5
The following table shows that each weight appears only once and that the weights form a consecutive sequence as
before.
Edge number Adjacent-edge sums Range of weights
C3 sums 2t + 4, 2t + 5, 2t + 7 2t + 4, 2t + 5, 2t + 7
1 2t + 6 2t + 6
2u, u = 2, . . . , t 2t + 4+ 2u 2t+8, 2t+10, . . . , 4t+4
2u+ 1, u = 2, . . . , t 2t + 2u+ 5 2t+9, 2t+11, . . . , 4t+5
4t + 2 4t + 6 4t + 6
2t + 2 4t + 7 4t + 7
2t + 3 4t + 8 4t + 8
2 2t + 5+ 2t + 4 4t + 9
3 2t + 4+ 2t + 6 4t + 10
2u, u = t + 2, . . . , 2t 2t + 7+ 2u 4t+11, 4t+13, . . . , 6t+7
2u+ 1, u = t + 2, . . . , 2t 2t + 2u+ 8 4t+12, 4t+14, . . . , 6t+8
Now we can label the vertices with the consecutive numbers 4t + 5, . . . , 8t + 10, proving that the labeling is a strong
VMTL.
3.1.3. Construction for C4 ∪ C4t−3 for t > 1
We label the edges of C4 consecutively as {4t + 1, 2t + 1, 4t, 2t − 1} and then label C4t−3 as follows:
λ(ei) =

1
2
(i+ 3) if i = 1 mod 4
1
2
i+ (2t + 2) if i = 2 mod 4
1
2
(i− 1) if i = 3 mod 4
1
2
i+ (2t) if i = 0 mod 4.
We show first that each label appears only once:
Edge number Range of labels
3 mod 4 1, 3, . . . , 2t − 3
1 mod 4 2, 4, . . . , 2t − 2, 2t
C4 edges 2t − 1, 2t + 1
2 mod 4 2t+3, 2t+5, . . . , 4t−1
0 mod 4 2t+2, 2t+4, . . . , 4t−2
C4 edges 4t, 4t + 1
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We now show that each weight appears only once and that the weights form an arithmetic progression and thus that the
construction thus satisfies the requirements of a strong VMTL:
Edge number Adjacent-edge sums Range of weights
4t − 3 2t + 2 2t + 2
4u+ 3, u = 0, . . . , t − 2 2t + 3+ 4u 2t + 3, 2t + 7, . . . , 6t − 5
4u+ 2, u = 0, . . . , t − 2 2t + 4+ 4u 2t + 4, 2t + 8, . . . , 6t − 4
4u+ 1, u = 0, . . . , t − 2 2t + 5+ 4u 2t + 5, 2t + 9, . . . , 6t − 3
4u, u = 1, . . . , t − 2 2t + 2+ 4u 2t+6, 2t+10, . . . , 6t−6
4t − 4 6t − 2 6t − 2
C4 sums 6t − 1, 6t, 6t + 1, 6t + 2 6t − 1, 6t, 6t + 1, 6t + 2
3.1.4. Construction for C4 ∪ C4t−1, for t > 1
We label the edges of C4 consecutively as {4t + 3, 2t + 2, 4t + 2, 2t} and then label C4t−1 as follows:
λ(ei) =

1
2
(i+ 3) if i = 1 mod 4, i < 4t − 3
2t + 3 i = 2
1
2
i+ (2t + 1) if i = 2 mod 4, i > 2
1
2
(i− 1) if i = 3 mod 4, i < 4t − 1
1
2
i+ (2t + 3) if i = 0 mod 4
2t − 1 i = 4t − 3
2t + 1 i = 4t − 1.
We show first that each label appears only once:
Edge number Range of labels
3 mod 4 1, 3, . . . , 2t − 3
1 mod 4 2, 4, . . . , 2t − 2
4t − 3 2t − 1
C4 edges 2t, 2t + 2
4t − 1 2t + 1
2 2t + 3
2 mod 4 2t + 4, 2t + 6, . . . , 4t
0 mod 4 2t + 5, 2t + 7, . . . , 4t + 1
C4 edges 4t + 2, 4t + 3
We now show that each weight appears only once and that the weights form an arithmetic progression. The construction
thus satisfies the requirements of a strong VMTL:
Edge number Adjacent-edge sums Range of weights
4t − 1 2t + 3 2t + 3
2 2t + 4 2t + 4
1 2t + 5 2t + 5
4u+ 3, u = 0, . . . , t − 3 4u+ 2t + 6 2t+6, 2t+10, . . . , 6t−6
4u+ 2, u = 1, . . . , t − 2 4u+ 2t + 3 2t+7, 2t+11, . . . , 6t−5
4u+ 1, u = 1, . . . , t − 2 4u+ 2t + 4 2t+8, 2t+12, . . . , 6t−4
4u, u = 1, . . . , t − 2 4u+ 2t + 5 2t+9, 2t+13, . . . , 6t−3
4t − 5 6t − 2 6t − 2
4t − 3 6t − 1 6t − 1
4t − 4 6t 6t
4t − 2 6t + 1 6t + 1
C4 sums 6t+2, 6t+3, 6t+4, 6t+5 6t+2, 6t+3, 6t+4, 6t+5
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4. VMTLs of even-regular graphs of even order
Right from the conception of VMTLs in [14], it has always seemed much harder to deal with graphs of even order than
those of odd order. Far fewer general results and constructions are known that apply to even order graphs. Perhaps this is
linked with the non-existence of certain Kotzig arrays of even order. In this section and the next section, we present some
modest results on constructions of VMTLs for even order regular graphs. First recall the following definitions from [7]:
A quasi-prism is a cubic graph of order 2n which can be partitioned into two order n 2-factors, with a 1-factor between
them. We will call the 2-factors cycle-sets and the edges of the 1-factor struts. Generalized Petersen graphs are typical
examples.
A quasi-antiprism is a 4-regular graph of order 2n which can be decomposed into two 2-factors A1 and A2, each of order
n plus a 2-factor of order 2n in which each edge is incident to one vertex of A1 and one vertex of A2. If A1 and A2 are both
cycles we call simple.
Quasi-prisms are the basis of the McQuillan–Gray constructions. Certain quasi-antiprisms were shown in [7] to have
strong VMTLs (and therefore be suitable for use as the graph H in Theorem 2.1).
Theorem 4.1 ([7]). If a 2r-regular graph G of twice-odd order 2n has a simple quasi-antiprism as a spanning subgraph then it
has a VMTL.
For completeness, we record a straightforward generalization of this theorem:
Theorem 4.2. Let B1 and B2 be 2-regular graphs of order n, each of which has a strong VMTL and let G be a quasi-antiprism
formed from B1 and B2. Then any 2r-regular graph containing G as a spanning subgraph has a VMTL.
So again, we see the importance of deciding which 2-regular graphs possess strong VMTLs. Furthering the modest
beginnings achieved in Section 3 is a high priority.
4.1. VMTLs of 4-regular graphs from unions of 2-factors
There is another use to which strong VMTLs of 2-regular graphs can be productively applied. We can begin with any
collection of 2-regular graphs that each possesses a strong VMTL and then add any 2-factor to produce a 4-regular graph
with a VMTL (which is not necessarily strong). This can be regarded as a generalization of the quasi-antiprism construction
described in [7].
Theorem 4.3. Consider
⋃m
i=1(Gi) where each Gi is a 2-regular graph of odd order n which possesses a strong VMTL. Let T be
any 2-factor of (
⋃m
i=1(Gi))C . Then
⋃m
i=1(Gi)+ E(T ) possesses a VMTL.
Proof. The proof is by construction. Assign labels to each of the Gi in accordance with its strong VMTL. To the edges of Gi
add a constant n(i − 1) and to the vertices of each Gi add n(3m − 2i − 1). If the initial magic constant was k then this will
yield a new magic constant of k∗ = k+ n(2i− 2)+ n(3m− 2i− 1) = k+ n(3m− 3). However although the vertex sums
are constant we do not have a VMTL since the labels do not constitute a set of consecutive integers. Instead on the vertices
we have the set
Λv = {1+ n(3m− 2i), . . . , n+ (3m− 2i) : i = 1, . . . ,m}
leaving gaps comprising the set
Λ∗v = {1+ n(3m− 2i+ 1), . . . , n+ (3m− 2i+ 1) : i = 1, . . . ,m}
which can be re-expressed as
{1+ n(m− 1+ 2i), . . . , n+ n(m− 1+ 2i) : i = 1, . . . ,m}.
We now add the edges of T and direct them arbitrarily (so that T is a union of cycles, each one coherently directed). For
each vertex vj we reassign its label λ(vj) to its outgoing edge. Let α(vj) be the label on the incoming edge of the vertex.
Then the vertex weight will be k∗ + α(vj). However each α(vj) was originally a vertex label and is thus drawn from the
set Λv . Further each element of Λv can be paired with an element of Λ∗v to sum to 4nm + n + 1. We therefore assign
λ∗(vj) = 4nm + n + 1 − α(vj) as the new vertex label, giving a vertex sum of k∗ + 4nm + n + 1. The resulting 4-regular
graph has the same sum at each vertex and uses all of the integers 1, . . . , 3mn as labels, and is thus a VMTL. 
If m = 2 and each edge of T has one vertex in G1 and one in G2 then we obtain a quasi-antiprism which can be further
built upon by the addition of further 2-factors; these are discussed in the next Section.
More generally, the construction in Theorem 4.3 gives us amirror VMTLwhich can be built upon further by the addition
of spanning 4-factors. Such VMTLs are discussed further in Section 5. This result once again highlights the importance of the
question of which 2-regular graphs possess strong VMTLs.
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5. Labelings based on mirror sets
In this section, we relax the requirement that the VMTL be strong in order to work more effectively with even-order
graphs. We define what is meant by a mirror set and a mirror VMTL and then proceed to explain how we can build new
VMTL’s from graphs which have a mirror VMTL.
5.1. Mirror sets
Consider a set S = {a + i : i = 1, . . . , 2n} for some integer a and some integer n. A mirror set is a subset T of S of
cardinality n such that if x ∈ T then 2a+ 2n+ 1− x 6∈ T . Amirror VMTL is a VMTL in which the 2n vertex-labels comprise
a mirror-set. An elementary example of a mirror set is the set {1, . . . , n} as a subset of {1, . . . , 2n}. Clearly the set of vertex
labels in any strong VMTL will be a mirror set, so that any strong VMTL will also be a mirror VMTL.
The following theorem illustrates why this is a useful property.
Theorem 5.1. Let G be a graph with a mirror VMTL and let GC possess a 4-factor H. Then G+ E(H) has a mirror VMTL.
Proof. Let G = G(v, e) have vertex labels of a + j, j = 1..2n and the magic constant be k. Since H is a 4-factor, it can be
decomposed into two 2-factors. Orient (arbitrarily) one of these two factors. For each vertex, assign the label on that vertex
to its outgoing edge in that 2-factor. Then the weight at each vertex will be k + a + j. Since the labeling of G is a mirror
VMTL, we can now assign the integers v+ e+ 2a+ 2n+ 1− (a+ j) to the vertices to yield a constant vertex sum. However
this will not be a VMTL since the resulting set of labels will not be a set of consecutive integers. We now repeat this process
with the second 2-factor. The result will fill in the gaps and yield a VMTL as required. Further, the new vertex labels will be
v + e+ a+ jwhich is a mirror set. The result follows. 
As previouslymentioned, strong VMTLs are trivial examples ofmirror sets. However if a 2-factor possesses a strong VMTL
then we can construct a mirror VMTL of the 2-factor in which the vertex labels comprise even integers and the edges odd
integers. While this will not yield a labeling for any new graph, it will yield a VMTL with a different magic constant k.
We assign the new labels as follows:
λ∗(vi) = 2λ(vi)− 2n
λ∗(ei) = 2λ(ei)− 1.
Since we started with a strong labeling, we have k = 12 (5v+ 3) and thus k∗ = 2k− 2n− 2 = 3n+ 1. What is of interest
here is that if a (4t + 2)-regular graph of odd order possesses a 2-factor with a strong VMTL then it possesses VMTLs for
at least four different values of k. The first two are obtained by using the strong VMTL and the even VMTL. Since the graph
is regular, we can obtain 2 additional labelings by doing the standard complementation trick of replacing each label λ by
v + e+ 1− λ to obtain labelings with two additional different magic constants.
5.2. Building on cherry graphs using mirror sets
We turn briefly away from the study of regular graphs to present another application of mirror labelings. A cherry graph
is a disjoint union of paths of length 2, i.e. a graph of the form sK1,2. The following construction of VMTLs for cherry graphs
can be found in [10]. That paper was written long before we understood mirror-labelings and their importance. We will
show here that this construction does in fact result in amirror VMTL.
Lemma 5.1. If s ≡ 0 or 1(mod 4) then the integers 1, . . . , 2s can be partitioned into s pairs (xi, yi) so that {yi − xi : i =
1, 2, . . . , s} = {1, 2, . . . , s}.
Proof. First let s = 4t . We pair the integers as follows:
for t = 1: (1, 2) (5, 7) (3, 6) (4, 8)
for t = 2: (2, 3) (11, 13) (4, 7) (10, 14) (1, 6) (9, 15) (5, 12) (8, 16)
for t ≥ 3: (t, t − 1) (2t, 4t − 1) (2t + 1, 6t),
(x, 4t − 1− x), for 1 ≤ x ≤ t − 1,
(x, 4t + 1− x), for t + 2 ≤ x ≤ 2t − 1,
(x, 12t − x), for 4t ≤ x ≤ 6t − 1.
Now let s = 4t + 1 and pair the integers as follows:
for t = 0: (1, 2)
for t = 1: (1, 2) (7, 9) (3, 6) (4, 8) (5, 10)
for t ≥ 2: (t, t + 1) (2t + 1, 4t + 2) (2t + 2, 6t + 2) (4t + 1, 8t + 2),
(x, 4t + 1− x), for1 ≤ x ≤ t − 1,
(x, 4t + 3− x), fort + 2 ≤ x ≤ 2t,
(x, 12t − 1− x), for4t + 3 ≤ x ≤ 6t + 1.
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In both cases, it can be readily verified that the integers 1, . . . , 2s are used only once each and that each difference 1, . . . , s
occurs once only. 
Corollary 5.1. If s ≡ 0 or 1(mod 4) then the integers a + 1, . . . , a + 2s can be partitioned into s pairs (xi, yi) such that
{yi − xi : i = 1, 2, . . . , s} = {1, 2, . . . , s}.
We use this lemma to prove the following theorem:
Theorem 5.2. If s ≡ 0 or 1(mod 4) then sK1,2 has a mirror VMTL.
Proof. We begin by assigning the labels 1, . . . , s to the vertices of degree 2 (the ‘centers’). We will assign the integers
s+ 1, . . . , 5s to the edges and the vertices of degree 1. Since there are 2s such vertices and each vertex and its incident edge
sum to the magic constant k, we must have k = 6s+ 1.
If λ(ei) and λ(fi) are the labels assigned to the two edges incident to the center with label i, then we require i+ λ(ei)+
λ(fi) = k, the magic constant. Letting the vertices of degree 1 to which ei and fi are incident be ui and vi respectively, then
we also require k = λ(ei)+ λ(ui) and k = λ(fi)+ λ(vi). But k = i+ λ(ei)+ λ(fi), so i = λ(ui)− λ(fi).
Now by the Lemma, the integers s + 1, . . . , 3s can be partitioned into pairs (fi, ui) such that {fi − ui : i = 1, . . . , s} =
1, 2, . . . , s. Given this partition, we can let λ(vi) = 6s+ 1− λ(fi) and λ(ei) = 6s+ 1− λ(ui). Thus a VMTL exists.
It remains to show that this is a mirror VMTL. We have 3s vertex labels, so the labeling will be a mirror VMTL if for any
vertex w with label λ(w), 6s + 1 − λ(w) is not also a vertex label. If w = ui or w = vi, this must be the case since each
vertex of degree 1 and its incident edge sum to 6s + 1. The center labels λ(ci) = i and 6s + 1 − λ(ci) = 6s + 1 − i > 5s
for i = 1, . . . , s. Since the maximum label assigned to the graph is 5s, it follows that none of the integers 5s+ 1, . . . , 6s is a
vertex-label. Hence the vertex-labels form a mirror set as required and so we have a mirror VMTL. 
Lemma 5.2. If s ≡ 2 or 3 (mod 4) then the integers 1, . . . , 2s − 2 can be partitioned into s − 1 pairs (xi, yi) such that
{yi − xi : i = 1, 3, 4, . . . , s} = {1, 3, 4, . . . , s}.
Proof. First let s = 4t + 2. We pair the integers as follows:
for t = 0: (1, 2)
for t = 1: (2, 3)(6, 9)(4, 8)(5, 10)(1, 7)
for t ≥ 2: (t + 1, t + 2)(2t + 2, 4t + 4)(2t + 3, 6t + 4)(2t + 4, 6t + 3),
(x, 4t + 4− x), for 1 ≤ x ≤ t,
(x, 4t + 6− x), for t + 3 ≤ x ≤ 2t + 1,
(x, 12t + 7− x), for 4t + 5 ≤ x ≤ 6t + 2.
Now let s = 4t + 3 and pair the integers as follows:
for t = 0: (2, 3)(1, 4)
for t = 1: (3, 4)(9, 12)(6, 10)(2, 7)(5, 11)(1, 8)
for t ≥ 2: (t + 2, t + 3)(2t + 3, 6t + 5)(2t + 4, 6t + 4)(6t + 3, 8t + 4),
(x, 4t + 5− x), for1 ≤ x ≤ t + 1,
(x, 4t + 7− x), fort + 4 ≤ x ≤ 2t + 2,
(x, 12t + 8− x), for4t + 5 ≤ x ≤ 6t + 2.
In both cases, it can be readily verified that each integer 1, . . . , 2s − 2 is used only once and each difference 1, 3, 4, . . . , s
occurs only once. The result follows. 
Note that we have omitted the index i = 2. This is deliberate in order to facilitate the proof of the subsequent theorem.
Corollary 5.2. If s ≡ 2 or 3(mod 4), the integers a + 1, . . . , a + 2s − 2 can be partitioned into s − 1 pairs (xi, yi) such that
{yi − xi : i = 1, 3, 4, . . . , s} = {1, 3, 4, . . . , s}.
We proceed to use this lemma to prove the following theorem:
Theorem 5.3. If s ≡ 2 or 3(mod 4) then sK1,2 has a mirror VMTL.
Proof. We label the vertices of degree 2 with the integers 1, . . . , s. We will assign the integers s + 1, . . . , 5s to the edges
and the vertices of degree 1. Since there are 2s such vertices and each vertex and its incident edge sum to themagic constant
k, we have k = 6s+ 1.
If λ(ei) and λ(fi) are the labels assigned to the two edges incident to the center with label i, then we require i+ λ(ei)+
λ(fi) = k, the magic constant. Letting the vertices of degree 1 to which ei and fi are incident be ui and vi respectively, then
we also require k = λ(ei)+ λ(ui) and k = λ(fi)+ λ(vi). But k = i+ λ(ei)+ λ(fi), so i = λ(ui)− λ(fi).
By the Lemma, the integers s+ 1, . . . , 3s− 2 can be partitioned into pairs (fi, ui) such that {fi− ui : i = 1, 3, 4, . . . , s} =
{1, 3, 4, . . . , s}. Given this partition, we can let λ(vi) = 6s + 1 − λ(fi) and λ(ei) = 6s + 1 − λ(ui). It remains to label the
edges incident to v2. We let λ(e2) = 3s− 1, λ(f2) = 3s, λ(u2) = 3s+ 2, and λ(v2) = 3s+ 1. Thus a VMTL exists.
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It remains to show that this is a mirror VMTL. We have 3s vertex labels, so the labeling will be a mirror VMTL if for any
vertex w with label λ(w), 6s + 1 − λ(w) is not also a vertex label. If w = ui or w = vi, this must be the case since each
vertex of degree 1 and its incident edge sum to 6s + 1. The center labels λ(ci) = i and 6s + 1 − λ(ci) = 6s + 1 − i > 5s
for i = 1, . . . , s. Since the maximum label assigned to the graph is 5s, it follows that none of the integers 5s+ 1, . . . , 6s is a
vertex-label. Hence the vertex-labels form a mirror set as required and the VMTL is a mirror VMTL. The result follows. 
Nowwe can use sK1,2 as a basis onwhich to build graphswithmore edges using Theorem5.1.Wewill describe a biregular
graph as (r1, r2;m1,m2)-biregular if it possesses precisely mi vertices of degree ri. Thus, for example, the path P6 would be
(1, 2; 2, 4)-biregular and sK1,2 would be (1, 2; 2s, s)-biregular. Using this terminology we can state the following theorem.
Theorem 5.4. If G is a (4t + 2, 4t + 1; s, 2s)-biregular graph with sK1,2 as a spanning sub-graph then it possesses a VMTL.
Proof. Since sK1,2 is a spanning subgraph of G, G− e(K1,2)will be 4t-regular. As a result it can be decomposed into 2 factors,
which can be paired to give t 4-factors, F1, . . . , Ft . By the previous theorems sK1,2 has a mirror VMTL. Let H0 = sP3 and
Hi = Hi−1 + e(Fi). Then by applying Theorem 5.1, successively to H0, . . . ,Ht , it follows that G = Ht has a mirror VMTL as
required. 
5.3. Building on mirror VMTLs of antiprisms
Instead of beginning with sK1,2 as we did in the last section, we will begin with an antiprism of twice-even order. Its
labeling is described as follows. We start with two cycles of even order nwith vertices xi and yi respectively. The two cycles
are connected with edges xiyi and edges yixi+1, with ynx1 for i = n. The edges are labeled as follows:
λλ(yiyi+1) =
{5n+ i if i odd
2n+ i+ 1 if i even, i < n
2n+ 1 if i = n
λ(xiyi) =

3n+ 1 if i = 1
3n+ 3 if i = n+ 1
2
4n− 1 if i = n
5n− 2i+ 3 otherwise
λ(xixi+1) =
{6n if i = 1
5n+ i− 1 if i odd, i > 1
i if i even
λ(yixi+1) = 2n− 2i+ 1.
The vertices are labeled with the 2n labels: {n + 2j : j = 1, . . . , 2n}. All these labels are even integers so if λ is an element
of this set then 6n+ 1− λ is not. Hence, the set is a mirror subset of {n+ j : j = 1, . . . , 4n}.
Now an application of Theorem 5.1 yields the following result:
Theorem 5.5. If a (4t + 4)-regular graph G of twice-even order has an antiprism as a spanning subgraph then G possesses a
mirror VMTL.
Proof. Since the antiprism A is a spanning subgraph of G, G − e(A) will be 4t-regular. As a result it can be decomposed
into 2t 2-factors, which can be paired to give t 4-factors, F1, . . . , Ft . As shown above, A has a mirror VMTL. Let H0 = A and
Hi = Hi−1 + e(Fi). Then by applying Theorem 5.1, successively to H0, . . . ,Ht , it follows that G = Ht has a mirror VMTL as
required. 
6. Labeling Hamiltonian even-regular graphs
Suppose a cycle C2n has a mirror VMTL with the mirror-setΛE = {λ(ei)} on the edges. Then the vertex labels will be the
mirror-set
ΛV = {2n+ 1− λ(ei)}.
The magic constant will be:
k = 1
n
(
n(2n+ 1)+
n∑
i=1
λ(ei)
)
= 2n+ 1+ 1
n
n∑
i=1
λ(ei).
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Hence the weight of edge labels at each vertex will be:
2n+ 1+ 1
n
n∑
i=1
λ(ei)− (2n+ 1− λ(ei)) = λ(ei)+ 1n
n∑
i=1
λ(ei). (1)
In other words, the weights at each vertex form amirror set such that each sum is an edge-label plus a constant equal to the
average of all of the edge labels. Hence we need a derangement pi of the edge-labels such that:
{λ(ei)+ pi(λ(ei)) : λ(ei) ∈ ΛE} =
{
λ(ei)+ 1n
n∑
i=1
λ(ei) : λ(ei) ∈ ΛE
}
.
Cycles of even order are bipartite graphs so if a mirror labeling exists then it must be possible to partition the set of labels
into two sets of equal order such that each label in one set is paired with two labels in the other to yield the required vertex
weights.
It is not difficult to find mirror VMTLs for cycles of even orders 8 to 16, for example, the following sequences of edges:
• Order 8: (1, 5, 10, 4, 3, 6, 2, 9)
• Order 10: (1, 6, 13, 3, 5, 10, 2, 7, 4, 9)
• Order 12: (1, 8, 4, 11, 2, 6, 5, 9, 13, 7, 3, 15)
• Order 14: (1, 12, 6, 10, 2, 13, 7, 14, 3, 8, 18, 4, 5, 9)
• Order 16: (1, 9, 18, 10, 2, 11, 3, 8, 7, 12, 4, 13, 5, 16, 6, 19).
If all cycles of even order possessed mirror VMTLs then by Theorem 5.1 all Hamiltonian (4t + 2)-regular graphs would
also possess mirror VMTLs. Thus, for example all Hamiltonian (4t + 2)-regular graphs of even orders 8 to 16 would possess
mirror VMTLs based on the mirror VMTLs above.
A construction for mirror VMTLs of cycles would thus leave only the problem of Hamiltonian 4t-regular graphs to be
resolved in order to determine whether all Hamiltonian regular graphs have VMTLs. We conjecture this is true:
Conjecture 2. Every even cycle possesses a mirror VMTL.
6.1. Mirror sets of cardinality 8t + 2
In the case of cycles of order 8t + 2 the following construction partially answers this question above.
In order for a mirror-set to be used to label a cycle, the weights at the vertices must themselves be the same mirror-
set, but with a constant added to each element. In the case of 8t + 2, the mirror-set which we will use is the set: L =
{1, . . . , 6t+1}∪{6t+3, . . . , 8t+2}∪{10t+3} and theweights at the vertices comprise the setW = {w = l+4t+2 : l ∈ S}
while the vertex labels V = {20t + 7− w : w ∈ W }.
The edges are labeled as follows:
λ(ei) =

4t + 1
2
(i+ 3) if i odd, i < 2t
1
2
i if i even, i ≤ 2t
7t + 2 if i = 2t + 1
4t + 2− 1
2
i if i even, 2t + 2 ≤ i ≤ 4t
8t − 1
2
(i− 5) if i odd, 2t + 3 ≤ i ≤ 4t − 1
6t + 1 if i = 4t + 1
4t + 1− 1
2
i if i even, 4t + 2 ≤ i ≤ 6t − 2
8t − 1
2
(i− 3) if i odd, 4t + 3 ≤ i ≤ 6t − 1
t + 1 if i = 6t
4t + 1
2
(i+ 5) if i odd, 6t + 1 ≤ i ≤ 8t − 1
1
2
i+ 1 if i even, 6t + 2 ≤ i ≤ 8t
2t + 1 if i = 8t + 1
10t + 3 if i = 8t + 2.
This labelingmay seem complicated. The idea is (with a few exceptions) to choose the verticeswhich receive the small labels
in such a way that their neighbors receive the large labels and a small label paired with one neighbor gives an odd sum and
with the other neighbor gives an even sum. This is shown in Table 5, where the exceptions are indicated with asterisks. A
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Table 5
Edge-pairings for C8t+2 .
Small labels Paired with Paired with
(to give an odd sum) (to give an even sum)
1, . . . , t − 1 4t + 2, . . . , 5t 4t + 3, . . . , 5t + 1
t 5t + 1 7t + 2
t + 1 5t + 2 7t + 3
t + 2, . . . , 2t 5t + 3, . . . , 6t + 1 5t + 2, . . . , 6t
10t + 3 2t + 1* 4t + 2*
2t + 2 6t + 3 6t + 1*
2t + 3, . . . , 3t + 1 6t + 4, . . . , 7t + 2 6t + 3, . . . , 7t + 1
3t + 2, . . . , 4t 7t + 3, . . . , 8t + 1 7t + 4, . . . , 8t + 2
4t + 1 8t + 2 2t + 1
Table 6
C8t+2 as a set of linked paths.
Path Link
(4t + 2, 1, 4t + 3, . . . , 5t, t − 1, 5t + 1, t) (t, 7t + 2)
(7t + 2, 3t + 1, 7t + 1, 3t, . . . , 6t + 4, 2t + 3, 6t + 3, 2t + 2) (2t + 2, 6t + 1)
(6t + 1, 2t, 6t, 2t − 1, . . . , 5t + 3, t + 2, 5t + 2, t + 1) (t + 1, 7t + 3)
(7t + 3, 3t + 2, 7t + 4, 3t + 3, . . . , 8t + 1, 4t, 8t + 2, 4t + 1) (4t + 1, 2t + 1)
(2t + 1, 10t + 3) (10t + 3, 4t + 2)
third way of looking at this labeling, which perhaps most clearly shows the structure of the cycle, is as a number of linked
paths, as shown in Table 6 where the links are the labels of edges adjacent to a vertex which belongs to two different paths:
We summarize the results of this section in the following theorem:
Theorem 6.1. Every Hamiltonian (4t + 2)-regular graph of order 8t + 2 possesses a VMTL.
7. Remarks
Themethods in this paper make it possible to label many graphs which have not been labeled before. The strength of the
results lies in the fact that they apply to whole classes of graphs, without any detailed knowledge of their structure. Still,
they also raise a number of areas for further investigation.
Let us re-emphasize thatwhile the variousmethods of reassigning labels fromvertices to edges of a 2-factor are extremely
fertile as a means of constructing VMTLs of regular graphs, they depend heavily on finding an appropriate labeling of a
spanning subgraph from which to start. So the question of which graphs of small size possess labelings which can be built
upon is a vital one.
We list some questions worth pursuing in order to further this program of research:
Problem 1. Does every 2-regular graph of odd order and not of the form (2t − 1)C3 ∪ C4 or (2t)C3 ∪ C5 possess a strong
VMTL? If so, is a general construction or small set of general constructions possible?
Problem 2. Does every 2-regular graph of the form (2t−1)C3∪C4 or (2t)C3∪C5 possess amirror VMTL or other non-strong
VMTL which can be built on?
Problem 3. Can it be proven that graphs of the form (2t − 1)C3 ∪ C4 or (2t)C3 ∪ C5 never possess a strong VMTL?
While it is comparatively easy to find a mirror VMTL for any particular even cycle, general constructions for such mirror
VMTLs have so far been elusive. Given their usefulness in building VMTLs of even order regular graphs, it would good to
know the answers to the following questions:
Problem 4. Do all cycles of even order possess mirror VMTLs? If so, is a general construction or small set of general
constructions possible?
or more generally, since the construction described in the last section could have begun from some other 2-regular graph:
Problem 5. Exactly which 2-regular graphs of even order possess mirror VMTLs?
Note added in proof
Conjecture 1 is false. In a recent preprint, Dan McQuillan shows how to construct a strong labeling for 10C3 ∪ C5. In
addition, Jason Kimberley has implemented a computer search that has revealed strong labelings for many other graphs in
both classes. It may be the case that the three graphs in Table 1 are the only exceptions.
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